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In a recent Letter ]I| Allahverdyan and Nieuwenhuizen presented a series of calculations 
& • on a quantum system coupled to a quantum heat bath, and made a rather sensational 
. conclusion that the second law of thermodynamics may be violated as a "consequence of 
quantum coherence in the presence of the slightly off-equilibrium nature of the bath." 

However, as we shall explain here, one can use the standard result about relative entropy 
to prove rigorously that the second law is never violated (and a perpetual motion of the 
second kind can never be realized) in quantum systems no matter how strong "quantum 
coherence" is or no matter how far one goes from equilibrium. The main purpose of the 
present Comment is not to make detailed objections to but to remind the readers that 
\ (under reasonable definitions which are slightly different from those in the second law is 

never violated. 

As in [I], we consider a quantum system which consists of a subsystem (with Hilbert 
space 7i s ) and a bath (with Hilbert space Ti^). The Hamiltonian of the subsystem H s (t) 
CO '. depends on time (where the time-dependence models operations by an outside agent), that 
of the bath is time-independent, and that for interaction H mt (t) may be time- dependent. 
The total Hamiltonian is H(t) = H B (t) ® 1 + 1 <g> H h + H mt (t). 

Initially the subsystem is in an arbitrary equilibrium state with density matrix p™ 11 (on 
■ 7"4), and the bath is in the Gibbs state with inverse temperature (3. The density matrix for 
O the whole system is 

where Z{(3) = Trb[exp{— (3H^}} is the partition function for the bath. (Tr s , Tr^,, and Tr 
stand for the traces over H s , TCb, and TC S ® TCb, respectively.) 

Let /9 fin be the density matrix at the final moment obtained from the time evolution 
according to H(t). We make no assumptions about the nature of the time evolution or of 
the final state p fin . From the well-known invariance of the von Neumann entropy and the 
^ ! nonnegativity of relative entropy ||, we have 
H ' 

- Tr [p init log p init ] = -Tr [p fin log p fin ] < -Tr [p fin log p ref ] , (2) 

where p ref is an arbitrary density matrix. From ([!]) one finds that — Tr[p imt logp mit ] = 
>5vN[Ps mt ] + /3(H h ) init + log Z(/3), where >S v n[Ps] = — Tr s [p s log p s ] is the von Neumann entropy 
of the subsystem. If we choose the reference state as 

ref fin ^ exp[-/3H h ] 
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where pf n = Tr b [p fin ], we have -Tr[p fin logp rcf ] = S vN [p^ n ] + /3(H h ) hn + log Z(J3). Therefore 
(@) becomes 

SMP^] - SMP^} > ((^b)init - (#b)fin) • (4) 

Since (H h ) init — (ifb)fin is the energy transferred from the bath to the rest of the system 
(described by H s plus H int ), it can be unambiguously interpreted as the heat that flowed 
out of the bath during the process ||. We have thus confirmed the validity of the second 
law (in the form of the Clausius inequality) rigorously |5j . We note in passing that (|) rules 
out the possibility of any perpetual motion of the second kind, including those operating in 
nonequilibrium states with strong quantum coherence 0. 
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term proportional to N. This leads to a contradiction for large enough N (which can 
be made arbitrarily large by making the bath large). In |]J it is indeed noted that 
their "perpetuum mobile" may be repeated for a finite number of cycles, which, in our 
opinion, simply means that it should not be called a "perpetuum mobile." 
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